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Multiple Rigid-Body Reorientation Using Relative Motion
with Constrained Final System Con� guration
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Moveable appendages in multibody spacecraft can augment or replace the attitude control actuators. In this
work, motionsof the movable bodies relative to the main body are used to adjust the system’s inertial attitude so as
to approach or attain a desired target attitude. A control algorithm designed to generate the maneuver commands
that cause the necessary relative motions is tested with several cases representing a variety of dynamic conditions.
The control can accommodate many different system con� gurations and dynamic conditions such as nonzero
system momentum, a problem that historically has proved dif� cult to solve in a generalized, three-dimensional
mode. Additionally, the control can return the system’s geometric con� guration to its initial state by the conclusion
of the reorientation. The results indicate that the control can accomplish nearly complete reorientations in all cases
tested while meeting the system constraints.

Introduction

A TTITUDE dynamics and control of multibodyspacecrafthave
been studied extensively, including rigid-body/� exibility ef-

fects, time- andpropellant-optimality,reachabilityof the targetstate,
and computational approaches. Although by no means inclusive,
Refs. 1–15 represent a broad sampling of these efforts. This paper
focuses on the somewhat specialized problem of how to reorient a
spacecraftby makinguse of anymoveableappendagesor sectionsof
the vehicle.The need for such a strategy can arise when the primary
attitude control system is partially disabled or could be augmented
with this alternative control method.

The objective here is to design and simulate a method of rigid-
body spacecraft reorientation, utilizing any existing movable ap-
pendages of the system, by means of nonlinear programming and
an optimization algorithm that uses collocation.16 Others17;18 have
successfully applied this control method to spacecraft attitude con-
trol problems involving constraints and objectives different from
the system discussed in this work. The controller should be capa-
ble of accommodatingreorientationsof systems with various initial
states of attitude and rate errors, although here only the attitude is
controlled (i.e., it is assumed that the � nal rates are zero, although
in principle they could be any desired values). Reorientation is ac-
complished by a sequence of strategic maneuvers of the connected
movable rigid bodies so that the actual � nal system attitude at least
approaches the desired � nal system attitude. Because relative mo-
tion of these bodies results in a change in the overall inertia tensorof
the system, the angular rate also will change, maintaining constant
system angular momentum. This change in angular rate is utilized
to cause desired changes in attitude. It is assumed that in many, if
not all, cases the controllerwill be unable to attain the exact desired
orientation and that the extent to which the achieved attitude meets
the desired attitude will depend on the particular case in question.
For this reason, a success criterionwas implementedthat recognizes
this constraint and requires only that the system at least be tended
in the direction of the desired orientation.
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To achieve the desiredobjective,one employs a modi� ed version
of direct collocation, which is capable of generating the approxi-
mate numerical control history to produce the desired reorientation.
Additionally, a multibody simulation code veri� es the effect of the
control on the system. The results depict the ability of the control
method to attain desired states, through a range of initial conditions
as well as other system parameters that were varied to more accu-
rately assess the validity of the approach. This work also demon-
strates the ability to use collocationon modest-size computers with
nonspecializedoptimization software (i.e., routines not designed to
handle large numbers of optimization parameters).

System Dynamics
The example chosen for this work is a three-body system with a

main body .A/ and two secondarybodies .B and C/. Bodies B and
C are attached to body A by means of gimbals, allowing rotational
degrees of freedom only. Motion of the secondarybodies is used to
manipulate the attitude of the system, as described by a reference
frame � xed in the main body. Figure 1 depicts the con� guration of
the three bodies in this problem; Table 1 gives the mass properties
of a representativespacecraft.This model is derived from the mass
propertiesof a speci� c class of satellites that are still activeand have
multiple moveable rigid bodies. The gimbal between bodies A and
B is assigned two angular degrees of freedom, with angles ® and
¯ , respectively. Body C is connected to body A via a gimbal with
a single degree of freedom, denoted by the angle ° . The controller
will generatemaneuver commands in terms of ®; ¯, and ° such that
the system’s inertial attitude is at least tended in the direction of the
desired inertial attitude and such that each of the three gimbals is
returned to its initial angular position. This is shown for a range of
initial dynamic conditions. The results of the reorientationmaneu-
vers are providedby several dynamic parameters extracted from the
respective simulations.

Straightforward dynamic analysis leads to the equations of mo-
tion, which are written to provide the desired observable quantities
and explicit terms in the necessary input parameters for the control.
These equations are used in the simulation portion of the develop-
ment to model vehicle attitude dynamics as well as in the control
portion to compute vehicle angular rate at the necessary discretized
points in the controller time history.

With reference to Figs. 2 and 3, the total system momentum can
be written as

HT D IA ¢ ! A C IB ¢ !B C IC ¢ !C C rA £ m A PrA

C rB £ m B PrB C rC £ mC PrC (1)
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where

IA; IB ; IC = inertia dyadics for bodies A, B, C (referenced
to their respectivemass centers);

!A , !B , !C = angular rate vectors for bodies A, B, C (about
their respective mass centers);

rA, rB , rC = vectors from the combined system c.m. to the
particular body c.m. for bodies A, B, C
(Fig. 2);

m A , m B , mC = masses of bodies A, B, C .

Note thatthetime derivativesindicatedby the Pr expressionsin Eq. (1)
are with respect to the inertial frame. Also, Eq. (1) assumes that the
linear momentum of the system is identicallyzero.Using kinematic
and dynamic relationships obtained from the vector diagrams and
the simple rotations obtained from motions of the three gimbals, as
well as the de� nition of the c.m., Eq. (1) is rewritten in a matrix
form as

HT D .IA C I 0
B C I 0

C C m B FB C mC FC /! A

C .I 0
BCB C m B EB /ÄB C .I 0

C CC C mC EC /ÄC (2a)

where

CB D
0 ¡sin ®

0 cos

1 0

; ÄB D
P®
P̄ (2b)

CC D
0 0

1 0

0 0

; ÄC D
P°
PÁ

(2c)

DB D
G By ¡G Bz cos®

¡G Bx ¡G Bz sin ®

0 G By sin ® C G Bx cos ®

; DC D
¡GC z 0

0 0

GCx 0
(2d)

Fig. 1 Body frame and gimbal arrangements.

Table 1 Mass and inertia properties of example system

Body Mass, lbm Ix x , lbm-ft2 Iyy , lbm-ft2 Izz , lbm-ft2

A 15,000 1,218,750.0 1,218,750.0 187,500.0
B 40,000 423,333.3 423,333.3 180,000.0
C 5,000 468,646.2 406,250.0 62,500.0

Fig. 2 Mass-center position vectors.

Fig. 3 Gimbal-center position vectors.
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F j D
r jy P j y C r j z P j z ¡r j y Pj x ¡r j z Pj x

¡r j x Pj y r jz Pj z C r j x Pj x ¡r j z P j y

¡r j x Pj z ¡r j y P j z r j x P j x C r j y Pj y

(2e)

E j D O j D j ; O j D
0 ¡r jz r j y

r j z 0 ¡r j x

¡r j y r j x 0

(2f)

for each body j attached to body A. Referring to Fig. 3, the P and
G vectors specify the locations of the body mass centers and the
gimbals, respectively. Here, j D B; C ; however, any number of
additional bodies could be attached to body A via gimbals.

Note that the I 0
B and I 0

C matrices give the inertia properties for the
bodies B andC , convertedthrougha similaritytransformation,using
the appropriate direction cosine matrices, to the body A reference
frame, and the FB ; FC ; CB; CC ; EB ; and EC matrices dependon the
mass-center vectors as well as the three gimbal angles. The ÄB and
ÄC contain the rates of the gimbals ( PÁ is a dummy gimbal rate). All
quantities are expressed in the body A reference frame.

Equation (2) is the � nal form of the integral of the motion for this
three-body system. It may be rewritten to solve for the angular rate
! A instead of the system momentum, if necessary.All of the quan-
tities in Eq. (2) either are given in each case or are easily computed
using the given information. Equation (2) is a vital component of
the system simulation as well as the controller.

System Control
The main objective of this work is to develop a control scheme

capable of generating a gimbal command pro� le to reorient the
multibodysystem from any given initial attitude state to any desired
� nal attitude state. The control method applied to this problem is
direct collocation using nonlinear programming (DCNLP).16 The
collocation scheme requires a cost function of, among numerous
other parameters, the gimbal-anglecommands, which must be min-
imized by a numerical optimization algorithm. This minimization
is accomplishedby repeatedlyvarying the controls so that the mag-
nitude of this function continues to decrease with each step. The
resulting gimbal pro� le utilizes the two movable appendages to re-
orient the system in a speci� ed duration.

The function to be minimized by the collocation/optimization
process here is known as the total defect, represented by 1T . For
the three-body reorientation problem studied here, the total defect
is computed as a sum of the squared differences between the time
derivative of the state (inertial attitude quaternion) from the differ-
entialequationsofmotion and a cubic estimateof the time derivative
of the state, evaluated at the center of each segment. The time line
is divided by N nodes into N ¡ 1 segments. The individualsquared
defects are computed for each of the segments using

1i D [ Pqi ¡ Pq0
i ]

2 (3)

where Pqi is the time derivativeof the attitude quaternion19 from the
differentialequationof motionof a quaternionand Pq0

i is the cubic es-
timate of the time derivativeof the attitude quaternion,computed at
the centerof segmenti . This representsa departurefrom the standard
DCNLP method,where the defects for each segmentare constrained
to be zero. By removing these constraints, but minimizing the sum
of the squared defects, one solves a simpler optimization problem;
however,onemust also thenverify that thecontrolsgeneratedby this
method produce an acceptable solutionwhen the original equations
of motion are integrated.

Note that the computationof Pqi requiresknowledgeof the angular
rates at each segment center. These quantities are computed using
Eq. (2), evaluating all parameters at the center of segment i :

!A;i D .IA C I 0
B C I 0

C C m B FB C mC FC /¡1

£ [HT ;i ¡ .I 0
B CB C m B EB /ÄB;i ¡ .I 0

CCC C mC EC/Äc;i ] (4)

Also, computation of the q0 requires knowledge of the states and
state rates at nodes surroundingthe segment i . This is accomplished
easilybecausethe optimizationroutinereturns the state at each node
for every iteration, and the state rate can be computed using the
motion equation for quaternions.The total defect then is computed
as the sum of the 1i for all of the nodes i D 1; N , where N is the
total number of nodes used:

1T D
N

iD1

Wi 1i (5)

where Wi is a segment-weightingterm used to assign priority to the
collocation conditions of a particular segment.

Equation (5) is the � nal form of the total defect, the function that
the optimization routine must minimize by varying the control vec-
tor. The controller generates a grid of nodal information, including
the controls at each node. As a check, the control was applied to
Eq. (2) in a simulation code that solved for !A .

Results
Results have been obtained for numerous test cases involving

different reorientation conditions; only a representative sample is
discussed here. The quantity used predominantly to measure the
extent of reorientation of a particular case is the error angle µE .
This angle is extracted from the scalar component of the attitude
quaternion and represents the total angular rotation remaining at a
given time between the current actual attitude quaternion and the
desired target quaternion.An alternativemeasure, the attitude-error
difference, depicts the simple algebraic difference between the ac-
tual attitudequaternionand the target attitudequaternion,each time
step. All reorientations were accomplished while constraining the
gimbal positions. The gimbal rates were not constrained; however,
a simple method for doing so in the zero-momentum case is de-
picted in a test case later. The number of nodes required to solve a
reorientation problem satisfactorilydepends on many different pa-
rameters particular to the conditions involved. For this work, it was
most effective to use a simple process of trial and error to arrive at a
number of nodes that generate a suf� cient reorientation. Some ex-
perimentation with the weighting factors assigned to each segment
also improved the solutions. Finally, the duration for the reorien-
tation is a user-speci�ed quantity. The controller will construct a
reorientation sequence that is completed by any speci� ed end time.

Figures 4 and 5 show reorientation results for a simple 20-deg
yaw .az-axis) reorientation.The initial angular rate and momentum
of the system are zero. The solution was obtained using 10 nodes
in the controller time line. The error angle clearly converges toward

Fig. 4 Attitude-error-angle history (20-deg az-axis error).
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Fig. 5 Attitude-error-difference history (20-deg az-axis error).

0 by the end of the duration, with a residual error of approximately
2.5 deg, a reduction of nearly 90% from the initial attitude-error
angle of 20 deg. The attitude-errordifferenceplot (Fig. 5) shows all
four components of the difference quaternion converging toward 0
by the end of the speci� ed 100-s duration.

The second case involves two parts. First, we consider a reori-
entation of a system pitched 50 deg about the ax axis. Again, the
system’s angular momentum is zero and there is no constrainingof
the gimbal rates. The duration for the reorientation is speci� ed at
100 s, as before. This case required three sequential runs of the con-
troller, each 100 s in durationand each with 12 nodes, to achieve the
desired results. This was because the extent of reorientationaccom-
plishedby the � rst two runs was not suf� cient.This was attributable
to the inability of the optimization method to ef� ciently handle a
large number of nodes because each node contributes seven param-
eters to the overall state vector. Each time the control algorithmwas
applied to the residual conditions resulting from the previous run,
the � nal error-angle residual was reduced. This process was fol-
lowed until additional runs were no longer substantiallypro� table.
Figure 6 shows the error-angle history for this reorientation. The
� nal residual error angle for this case was 1.1 deg, a nearly com-
plete reorientation. In Fig. 6, error reduction resulting from each
sequentialmaneuver is depicted, and all three maneuver sets (100 s
in duration) have similar pro� les. Figure 7 shows the rates at which
the gimbals moved to accomplish the reorientation.From this plot,
it can be seen that, at times, gimbal motion is near zero, whereas
at other times the gimbal rates exceed 60 deg/s, a result of the con-
troller design not accommodating rate constraints. This problem is
remedied easily for the case of zero angular momentum by simply
reconstructing the reorientation pro� les such that the gimbal rates
are constrained to some desired values. Given the same initial con-
ditions as described above and the same resulting controller output,
the nodal times associatedwith these controls were adjusted so that
no gimbal rate exceeded the correspondingmaximum and so that at
least one gimbal rate did in fact operate at its maximum level for the
duration of the segment. This is accomplished simply by dividing
the required change in gimbal angle across each segment by the
correspondingrate limit, for each gimbal:

t® D 1®= P®max; P®max D 10 deg/s

t¯ D 1¯= P̄
max; P̄

max D 10 deg/s (6)

t° D 1° =P° max; P° max D 30 deg/s

Fig. 6 Attitude-error-angle history (50-deg ax-axis error).

Fig. 7 Gimbal rate histories (50-deg ax-axis error).

Then, each segment duration was taken as the maximum of the set
in Eq. (6):

ti D max.t®; t¯ ; t° / (7)

The resulting attitude-error-anglehistory is shown in Fig. 8. Notice
that the pro� les depicted in Figs. 6 and 8 are somewhat similar (but
not identical) and the resulting error-angle residual at the conclu-
sion of the reorientation is the same. The total duration required to
achieve the 1.1-deg residual, however, is signi� cantly different.The
reduced-time reorientation required only 222 s as compared to the
300 s required for the reorientation of the unconstrained case. In
addition, the gimbal rate pro� le now is bounded by the limits spec-
i� ed above. Figure 9 shows the gimbal rates for this reduced-time,
constrained-rate version of the 50-deg tilt reorientation. From this
� gure, it can be seen that the three gimbals clearly abide by their
corresponding limits. Also, note that the beta and gamma gimbals
are operating at the maximum rate much of the time, resulting in a
reorientationof signi� cantly less time; however, because the objec-
tive is not a minimum-time solution, this result is merely fortuitous.

The � nal reorientationcase to be discussed was designed to task
the control method employed to its fullest extent by imposing three
axes of initial attitude errors as well as three axes of initial system
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Fig. 8 Attitude-error-angle history (50-deg ax-axis error, reduced
time).

Fig. 9 Gimbal rate histories (50-deg ax-axis error, reduced time).

rate and momentum. The system was initialized in attitude by three
consecutive rotations, the � rst with 30 deg about the az axis, fol-
lowed by 15 deg about the ay axis, and, � nally, 15 deg about the ax

axis. A rate of 0.01 deg/s was assigned to the ax and ay axes and
a rate of 0.03 deg/s to the az axis. The attitude-error-anglehistory
for this case is shown in Fig. 10. The reorientation required four
controller runs, with nodes of 11, 12, 12, and 12, respectively, to
reduce the attitude error from the initial 35-deg resultant error to
4.19 deg at the end of the 400 s. However, as Fig. 10 suggests, the
� rst of these foursets was responsiblefor a very largemajorityof the
reorientation. In the � gure, the � rst iteration begins with a 35-deg
attitude error and ends at 100 s, with a � nal error of about 7.5 deg.
The next iteration then � nishes at 200 s with 6 deg of attitude error
remaining, an additional reduction of only 1 deg. The � nal error is
4.19 deg. Nearly 80% of the attitude maneuver was accomplished
during the � rst iteration. Hence, the optimization routine was not
capable of signi� cant additional minimization of the cost function
for the duration of the last three control sets. The rate of error re-
duction decreased with each maneuver set. However, the reduction
of at least the � rst set and perhaps the second as well was quite sig-

Fig. 10 Attitude-error-angle history (35-deg multiaxis error, with rate
error).

ni� cant, especially in light of the complex nature of the dynamics
of the problem.

Conclusions
This work has shown a feasiblemethod for reorientingmultibody

spacecraft by strategically maneuvering the vehicle’s appendages.
A constraint can be imposed on the controller requiring that the
geometric con� guration of the system return to its original state
before completion of the reorientation.A control algorithmwas de-
veloped that was capable of commanding the movable bodies to
achieve the desired reorientation. The objective was to develop an
algorithm that was capable of, at a minimum, tending the system
attitude in the direction of the target attitude. The results show that,
for most cases, nearly complete reorientationswere accomplished.
A range of test cases was analyzed, covering different initial dy-
namic conditions. For all of the cases, the controller accomplished
reorientation to within approximately 5 deg of the desired attitude.
The average extent to which reorientation was accomplished was
nearly 90%. That is, on average, the controller was capable of ad-
justing the system attitude to within 10% of the target attitude, as
measured by the attitude error angle. Also, for most of the cases,
the method was not sensitive to the initial guess of the states and
controls,which is an additionalbene� t of the collocationapproach.
The controller showed nearly equivalent capability in reorienting
systems that possessed zero or nonzero angular momentum. This is
a signi� cant component of this work because most of the previous
work in this area has failed to accommodate a general state of sys-
tem angular momentum. Because many spacecraft systems of this
type do have nonzero inertial momentum, the generality of this so-
lution is useful. Additionally, the algorithm developed here permits
simple constraining of the gimbal-angle excursions. This results in
realistic solutions to the various reorientation problems, ensuring
that the commands to effect the reorientationsabide by the physical
limitations of the hardware involved.
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